Abstract. In this article, the cohomology of the arithmetic group Sp 4 (Z) with coefficients in any finite dimensional highest weight representation M λ have been studied. Euler characteristic with coefficients in M λ have been carried out in detail. Combining the results obtained on Euler characteristic and the work of Harder on Eisenstein cohomology [9] , the description of the cuspidal cohomology has been achieved. At the end, we employ our study to compute the dimensions for the cohomology spaces H
Introduction
Let G be a semisimple algebraic group defined over Q, K ∞ ⊂ G(R) be a maximal compact subgroup and S = G(R)/K ∞ be the corresponding symmetric space. If Γ ⊂ G(Q) is an arithmetic subgroup then every representation (ρ, M) of G C defines in a natural way a sheaf M on the locally symmetric space S Γ = Γ\S. One has the isomorphism H • (Γ, M) ∼ = H • (S Γ , M), (for details see Chapter 7 of [3] ). On the other hand, let S Γ denote the Borel-Serre compactification of S Γ , then the inclusion i : S Γ ֒→ S Γ , which is an homotopic equivalence, determines a sheaf i * M on S Γ and induces a canonical isomorphism in cohomology
From now on we will simply denote i * M by M. For details on Borel-Serre compactification we refer the interested reader to [2, 10] . The choice of a maximal Q-split torus T of G and a system of positive roots Φ + in Φ(G, T) determines a set of representatives for the conjugacy classes of Q-parabolic subgroups, denoted by P Q (G), namely the standard Q-parabolic subgroups. The boundary of the Borel-Serre compactification ∂S Γ = S Γ − S Γ is a finite union of the boundary components ∂ P for P ∈ P Q (G), i.e.
and this covering determines a spectral sequence in cohomology abutting to the cohomology of the boundary (2) E p,q
where prk(P) denotes the parabolic rank of P (the dimension of the maximal Q-split torus in the center of the Levi quotient M of P). When the Q-rank of G is 2, the aforementioned spectral sequence is just a long exact sequence in cohomology.
In this article we set our focus on the arithmetic group Γ = Sp 4 (Z). We use the spectral sequence (2) to determine the cohomology space of the boundary of the Borel-Serre compactification of the locally symmetric space S Γ associated to the arithmetic subgroup Sp 4 (Z) ⊂ Sp 4 (R) and describe the Eisenstein cohomology by following [9] . We continue to determine the Euler characteristic with respect to any finite dimensional irreducible representation M λ of Sp 4 (for this we use [11] ).
As an immediate application of the results obtained on Euler characteristic we are able to determine the dimension of the cuspidal cohomology of the symmetric space S Γ associated to Sp 4 (Z). Another application is the description of the dimension of the cohomology spaces of Sp 4 (Z) with respect to every finite dimensional irreducible representation of Sp 4 .
We can summarize the main ideas and results of this paper in a few lines. We use a formula in [11] to determine the Euler characteristic of the group Sp 4 (Z) with respect to every M λ finite dimensional irreducible representation of Sp 4 with highest weight λ. As we have already mentioned, one has an isomorphism of the cohomology spaces H q (Sp 4 (Z), M λ ) ∼ = H q (S Γ , M λ ). On the other hand, one has a decomposition of the cohomology of S Γ as the direct sum of the cuspidal and the Eisenstein cohomology
Eis (S Γ , M λ ⊗ C). One could consider the contributions χ Eis (λ), χ cusp (λ) to the Euler characteristic comming from the Eisenstein and cuspidal part, respectively. Therefore the homological Euler characteristic χ h (λ) of Sp 4 (Z) with respect to M λ , is the sum of χ Eis (λ) and χ cusp (λ). The Eisenstein cohomology has been determined by Harder in [9] , so one can give a formula for χ Eis (λ). On the other hand, by using [14] , one knows that the cuspidal cohomology is always concentrated in degree 3. Therefore one obtains the identity dim(H 3 cusp (S Γ , M λ ⊗ C)) = χ h (λ) − χ Eis (λ) determining a formula to calculate the dimension of the cuspidal cohomology. Let H q ! (S Γ , M λ ) denote the inner cohomology (that is the kernel of the natural restriction morphism r q : H q (S Γ , M λ ) → H q (∂S Γ , M λ )). In the case of Sp 4 one has, by [14] , that H q ! (S Γ , M λ ) ⊗ C ∼ = H q cusp (S Γ , M λ ⊗ C), therefore this also determines a formula for the dimension of the inner cohomology. By similar arguments one can also calculate the dimension of the group cohomology of Sp 4 (Z).
The main results of the paper are given in:
• Theorem 9, where we describe a formula for the Euler characteristics with respect to the symmetric power representations.
• Theorem 10, describing a formula for the Euler characteristics for general highest weights.
• Theorem 14, where a formula for the dimension of the cuspidal cohomology is determined.
• Theorem 16, that gives a formula for the dimensions of the group cohomology spaces H • (Sp 4 (Z), M λ ).
We end this section by giving a quick overview on the organization of this article. In Section 2 we introduce the notation and present some brief introduction to the results that we use in the paper.
In Section 3 we give a full description of the boundary cohomology of the Borel-Serre compactification of the locally symmetric space associated to Sp 4 (Z). We took this opportunity to discuss about the boundary cohomology in detail and in the form we wanted in this article. In this section we are also using the methods described in [1] . We feel that the approach we took is more naive and easy to follow. However, the details could easily be traced down following the work of Harder in [9] . Section 4 gives the basics about the Eisenstein cohomology and summarize the results from [9] . This plays a crucial role in determining the dimension of the space of cuspidal cohomology and the dimension of the cohomology of Sp 4 (Z) discussed in the last two sections, i.e. Sections 8 and 9.
Section 5 supplies one of the most important tools to achieve the goal. We make use of Yang's work [21] , on classification of torsion elements of Sp 4 (Z) to compute their centralizers which eventually gives us the orbifold Euler characteristics.
In Section 6 we compute the trace of each representative of the conjugacy classes of torsion elements in Sp 4 (Z) with respect to any finite dimensional irreducible representation of Sp 4 . We use these results to give the full description of the homological Euler characteristic of Sp 4 (Z) in Section 7. Finally in the last two sections we introduce some important applications of the results obtained. First, in Section 8 we give the description of the dimensions of the cuspidal cohomology of S Γ . Finally, in the last section we determine the dimension of the cohomology spaces of Sp 4 (Z) with respect to every highest weight finite dimensional irreducible representation.
Just to mention one among the many related works in the literature, it is shown in [4] that the inner cohomology H 3 ! (S Γ , M λ ) (for λ = m 1 λ 1 + m 2 λ 2 ) has a Hodge filtration whose first nonzero term F m 1 +2m 2 +3 is isomorphic to the space of vector-valued Siegel cusp forms S m 1 ,m 2 +3 (Sp 4 (Z)) for the representation Sym m 1 ⊗ det m 2 +3 of GL 2 (C). This is also mentioned in [20] . On the other hand, the dimension of the space of Siegel cusp forms has been calculated in [19] .
The importance of this article lies in providing definitive results and the simplicity of the methods used.
Preliminaries
This section quickly review the basic properties of Sp 4 and familiarize the reader with the notations to be used throughout the article. We discuss the corresponding locally symmetric space, Weyl group, the associated spectral sequence and Kostant representatives of the standard parabolic subgroups.
2.1. Structure Theory. Consider the algebraic group Sp 4 over Q which is defined for every Qalgebra A by
where
, with id 2 = 1 0 0 1 .
Consider the arithmetic subgroup Sp 4 (Z) ⊂ Sp 4 (Q) and the maximal compact subgroup K ∞ ⊂ Sp 4 (R) defined by
From now on throughout the article let Γ denote the arithmetic group Sp 4 (Z). Consider the symmetric space S = Sp 4 (R)/K ∞ and let M be a representation of Sp 4 . Γ acts naturally on M and defines a sheaf M on S Γ = Γ\S. As mentioned in the introduction, one has an isomorphism
and as discussed earlier, if S Γ is the Borel-Serre compactication of S Γ then following (1), we get a natural isomorphism between the cohomology spaces
2.2. Root System. Consider the maximal torus H of Sp 4 (C) defined by the subgroup of diagonal matrices diag(h 1 , h 2 , h −1
. Let g denote the Lie algebra sp 4 and let h ⊂ g C be the complex Lie subalgebra associated to H. The root system Φ = Φ(g C , h) is of type C 2 . Let ε 1 , ε 2 ∈ h * be defined by ε 1 (X) = h 1 and ε 2 (X) = h 2 for X = diag(h 1 , h 2 , −h 1 , −h 2 ) ∈ h. Then the root system Φ is given by {±ε 1 ± ε 2 , ±2ε 1 , ±2ε 2 }, a set of positive roots Φ + is {ε 1 + ε 2 , ε 1 − ε 2 , 2ε 1 , 2ε 2 } and the system of simple roots ∆ is {α 1 = ε 1 − ε 2 , α 2 = 2ε 2 }. Finally, we denote δ = 1 2
2.3. Standard Q-Parabolic Subgroups. The standard Q-parabolic subgroups of Sp 4 with respect to the given Q-root system and system of positive roots will be described in this subsection. As ∆ has just two elements, we have three proper standard Q-parabolic subgroups, one minimal and two maximal ones. The maximal Q-parabolics P 1 , P 2 are given by
and
The Irreducible Representations. The root system Φ with the usual system of positive roots Φ + , has fundamental weights λ 1 , λ 2 : h −→ C given by λ 1 = ε 1 and λ 2 = ε 1 + ε 2 . Thus the irreducible finite dimensional representations of Sp 4 are determined by their highest weights, which in this case are the linear functionals of the form m 1 λ 1 + m 2 λ 2 with m 1 , m 2 non-negative integers.
We fix an irreducible algebraic representation (r λ , M λ ) of Sp 4 with highest weight λ = m 1 λ 1 +m 2 λ 2 . Since our group Sp 4 is Q-split, the representation M λ is defined over Q and we will consider M λ to be the corresponding Q-vector space.
2.5. Kostant Representatives. It is known that the Weyl group W = W(g, h) is given by 8 elements. They are listed in the first column of Table 1 and described in the second column as a product of simple reflections s 1 and s 2 , associated to the simple roots α 1 and α 2 respectively. In the third column we make a note of their lengths and in the last column we describe the element w · λ = w(λ + δ) − δ, where the pair (a, b) denotes the element Let Φ + and Φ − denote the set of positive and negative roots respectively. The Weyl group acts naturally on the set of roots. For each i ∈ {0, 1, 2}, let ∆(u i ) denote the set consisting of every root whose corresponding root space is contained in the Lie algebra u i of the unipotent radical of P i . The set of Weyl representatives W P i ⊂ W associated to the parabolic subgroup P i (see [13] ) is defined by
Clearly W P 0 = W and, by using the table, one can see that
2.6. Boundary of the Borel-Serre compactification. In general, the boundary of the BorelSerre compactification ∂S Γ = S Γ \ S Γ is the union of subspaces indexed by the standard Q-parabolic subgroups
To simplify the notation we will denote by ∂ P the space ∂ Γ,P . In this case, as we are in the rank 2 case, this covering defines a long exact sequence (of Mayer-Vietoris) in cohomology. We will use this long exact sequence to describe the cohomology of the boundary of the Borel-Serre compactification.
Boundary Cohomology
In this section we make use of certain spectral sequences to obtain a description of the cohomology spaces H q (∂ P , M) of the faces of the boundary associated to the parabolic subgroups of Sp 4 . Using this information, we give the details of the boundary cohomology H • (∂S Γ , M λ ). For more details the reader can see [9] where boundary and Eisenstein cohomology has been discussed. The goal of this section is to present this result in a convenient way to describe the dimension of the Eisenstein cohomology and to be used in the Sections 8 and 9 together with the Euler characteristic.
3.1. The cohomology spaces H • (∂ P , M). For a parabolic P, let M be its Levi quotient, U its unipotent radical and u the Lie algebra of U(R). We denote by π P : P → M = P/U the natural projection. We write Γ M = π P (Γ ∩ P(R)) and
where for an algebraic group G over Q we denote by X Q (G) the group of characters of G defined over Q and
One has a fibration
where we write
This fibration defines a spectral sequence in cohomology abutting to the cohomology of ∂ P , and in this case it is well known that the spectral sequence degenerates in degree 2 and gives a decomposition
Finally, by using Kostant's theorem (see [13] ) one can decompose H q (u, V ) as a direct sum of irreducible representations of M indexed by some subset W P ⊂ W of the Weyl group (the subset of Weyl representatives, see Section 2.5). One finally has
where M w·λ denotes the irreducible representation of M with highest weight w·λ. In the following subsections we will use (4) to describe the cohomology spaces H • (∂ P , M) for each P. For more details on this decomposition see [16] .
In what follows, we will denote by M i and ∂ i the Levi quotient of the parabolic P i and its corresponding subspace of the boundary, respectively. Table 1 and the discussion carried out for P 1 in Subsection 3.1.2, we simply need to analyse the following spaces
• If m 1 = 0 and m 2 is even then
• If m 1 = 0 and m 2 is odd then
3.2. Boundary Cohomology. In this subsection we use the results obtained in Subsection 3.1 to describe the cohomology of the boundary. The covering of the boundary of the Borel-Serre compactification defines a spectral sequence in cohomology abutting to the cohomology of the boundary E p,q
where prk(P) denotes the parabolic rank of P (in this case prk(P 1 ) = prk(P 2 ) = 1 and prk(P 0 ) = 2).
As the Q-rank of Sp 4 is 2, this spectral sequence can be replaced by the long exact sequence
and one obtains the cohomology of the boundary by the description of the restriction morphisms
Finally, by using the results of the previous subsection, this reduces to the well known cases of GL 2 (Z) and SL 2 (Z).
Let λ = m 1 λ 1 + m 2 λ 2 be the highest weight of the irreducible representation M λ . If m 1 is odd, then the fact that −id 4 ∈ Sp 4 (Z) ∩ K ∞ is an element of the center of Sp 4 has the effect that M λ = 0. Therefore we are only interested in the case m 1 even. This reduces to analyze in total six different subcases. We study these subcases by following a similar analysis as the one described in Section 4 of [1] . As usual, we denote by H • ! (S M i , M) the inner cohomology (the kernel of the natural restriction to the cohomology of the boundary of the Borel-Serre compactification
. By using the calculation of the previous subsection, we now summarize the details of boundary cohomology in all the cases as follows: 3.2.1. Case 1 : m 1 = 0 and m 2 = 0 (trivial coefficient system). 
Eisenstein Cohomology
The Eisenstein cohomology is known to be a powerful tool to study the natural restriction morphism
to the cohomlogy of the boundary (see for example Theorem 4.11 of [15] ). In this section we give the description of the Eisesntein cohomology following the work of Harder in [9] . We summarize the details on Eisenstein cohomology with coefficients in M λ which depends on the parity of the coefficients in the highest weight λ = m 1 ̟ 1 + m 2 ̟ 2 . As in the previous section, in what follows we denote by S k the space of cuspidal forms of weight k for SL 2 (Z). Let Σ k be the canonical basis of normalized eigenfunctions of S k . Then by using Eichler-Shimura isomorphism one can write
where the C-vector spaces 
By using the calculations of the previous section we get the following. 
Torsion Elements and Orbifold Euler Characteristics
In this section, the orbifold Euler characteristics of the centralizers of torsion elements of Sp 4 (Z) are being calculated. Euler characteristic has been a useful tool to address the various problems in group cohomology. For example see [12] . We quickly review the basics about Euler characteristic. The homological Euler characteristic χ h of a group Γ with coefficients in a representation V is defined by
For an arithmetic group Γ 1 , let Γ ′ 1 be a torsion free finite index subgroup of Γ 1 (one knows that every arithmetic group of rank greater than one contains a torsion free finite index subgroup). Then the orbifold Euler characteristic of Γ 1 is given by
. From now on, orbifold Euler characteristic will be simply denoted by χ.
The following properties of χ will be very handy in the forthcoming discussion.
• Let Γ 0 , Γ 1 and Γ 2 be groups such that 1
We have introduced the orbifold Euler characteristic in order to use the following formula. If Γ 1 has torsion elements then we make use of the following result (see [11] ).
where the sum runs over the set of representatives of conjugacy classes in Γ 1 of torsion elements T of Γ 1 and C(T ) denotes the centralizer of T in Γ 1 .
In this section, we make use of the following lemma.
12 . The proof of the above two identities follows from a quiet well known fact that for Γ = Sp 2g (Z)
where ζ denotes the Riemann's zeta function. The above formula follows from the work of Harder in [8] . For a quick reference on the appearance of this formula see Theorem 5 on Page 344 of [17] and Example (iii) on Page 158 of [18] .
Following (5), we know that in order to compute χ h (Sp 4 (Z), V ), we need the list of the conjugacy classes of all torsion elements. We divide the study into the possible characteristic polynomials of the conjugacy classes. If Φ n denotes the n-th cyclotomic polynomial, then by [7] the characteristic polynomials are given in the following table. We continue by giving the list of representatives of the conjugacy classes of torsion elements of the group Sp 4 (Z). For that we need to introduce some notation. As before, for each n ∈ N, id n ∈ GL n (Z) denotes the identity matrix,
Let us consider the following operations between 2 × 2 matrices in M 2 (Z):
Then one has the following theorem (see [21] ).
Theorem 3 (Yang). A complete list of representatives of the conjugacy classes of torsion elements in Sp 4 (Z) is given below in the table.
Torsion Element Expression Characteristic polynomial Torsion Element Expression Characteristic polynomial To study the centralizer of each element T i and eventually their Euler characterisics, we considered the equations coming from the symplectic identity g t Jg = J, and the relation gT i = T i g for g ∈ C(T i ) ⊆ Sp 4 (Z). We now give the details case by case. Let us fix an element
5.1.
Centralizer and Euler characteristic of T 1 and T 2 . Here T 1 = id 4 and
.
Centralizer and Euler characteristic of T 3 . By definition
Let g ∈ C(T 3 ). Then using the two identities mentioned above we reduce to the following
satisfying the following relations
Centralizer and Euler characteristic of T 4 . From the definition
For any g ∈ C(T 4 ), solving gT 4 = T 4 g we obtain that g must be of the form
Solving g t Jg = J, we immediately get
This establishes a map between C(T 4 ) and SL 2 (Z) × SL 2 (Z) given by
which is an isomorphism between C(T 4 ) and the index 6 subgroup
5.4.
Centralizer and Euler characteristic of T 5 , T 6 , T 22 and T 23 . From the definition, it is clear that C(T 5 ) = C(T 22 ) and C(T 6 ) = C(T 23 ). Let us consider
and using this with g t Jg = J gives the following relations
Following the above relations we can show that 
5.5.
Centralizer and Euler characteristic of T 7 and T 24 .
From the definition
By using the fact that T 7 g = gT 7 , we get
Using the equation g t Jg = J, gives us the following conditions
and these equations show that Proof. We take D =
Hence
and one can see that conjugation by D gives an isomorphism between SU (1,1) (Z[ω]) and
which is a subgroup of index 4 in SL 2 (Z).
5.6.
Centralizer and Euler characteristic of T 8 , T 9 , T 27 and T 28 . One clearly has C(T 8 ) = C(T 27 ) and C(T 9 ) = C(T 28 ). Consider
and from g t Jg = J we obtain the following relations among the entries of g,
Following the above description, we have a natural isomorphism
On the other hand, T 9 = T t 8 and therefore χ(C(T 9 )) = χ(C(T 28 )) = − 1 72 . 5.7. Centralizer and Euler characteristic of T 10 and T 11 . Note that C(T 10 ) = C(T 11 ). For any g ∈ C(T 11 ), solving the equations g t Jg = J and gT 11 = T 11 g gives us that g = x y −y x
, and
These equations are equivalent to the fact that u = x + iy is an element of U 2 (Z[i]). This defines an isomorphism between C(T 11 ) and U 2 (Z[i]). By a similar argument as the one used in Subsection 5.4 one can see that C(T 11 ) has 32 elements and therefore χ(C(T 10 )) = χ(C(T 11 )) = 1 32 .
Centralizer and Euler characteristic of T 12 . By definition
Let g ∈ C(T 12 ). As T 12 g = gT 12 we get
and by the fact that g t Jg = J we obtain the following relations
. This can also be written in terms of dot product by
In fact this describes an isomorphism between C(T 12 ) and
The fact that f (g) ∈ SL 2 (Z) follows from the fact that a 2 + b 2 − c 2 − d 2 = 1, and one can see that f is, even more, a morphism of groups. It is also clear that f is injective and therefore an isomorphism into its image, which is the subgrpup of SL 2 (Z) of all the matrices that can be written as For any g ∈ C(T 13 ) after solving g t Jg = J and gT 13 = T 13 g, we obtain that g can be written as
where the coefficients satisfy the following equations
We consider the following elements
One can identify C(T 13 ) with a subgroup of GL 2 (Z[i]) by the map f that sends g to the matrix
Equations (6), (7) and (8) could be written as z azc , z bzd ∈ Z and z azd −z b z c = 1.
In particular, if x = z azd , y =z b z c then x, y ∈ Z[i] satisfy x = y + 1 and xȳ = z azc z bzd ∈ Z. Hence (y + 1)ȳ ∈ Z and this implies immediately that y ∈ Z and therefore x ∈ Z.
We have proved
Now it follows a study case by case.
In both cases, by using the fact that z azd −z b z c = 1, one obtains that
If z a = 0, then suppose a 2 = 0. We know, by (8) , that
this can be written as
and this implies a 1 = 0. By using z azc , z bzd , z azd ,z b z c ∈ Z and z azd −z b z c = 1 one has f (g) ∈ iSL 2 (Z). If a 2 = 0 then one can similarly see that f (g) ∈ SL 2 (Z).
We have proved that in all the cases f (g) ∈ SL 2 (Z)∪ iSL 2 (Z). It is clear that f is injective and each element in SL 2 (Z) ∪ iSL 2 (Z) corresponds to an element in C(T 13 ). Therefore 
Also, T 43 = −S and
Therefore they all have the same centralizer and it is enough to calculate just one of them. Let g ∈ C(S) then solving gS = Sg one can see that g is of the form
and the fact that g t Jg = J implies, among other conditions, that
Following these conditions we get, through a case by case study, that
Hence χ(C(T n )) = 1 10 , for n ∈ {18, 19, 20, 21, 43, 44, 45, 46} .
5.12.
Centralizer and Euler characteristic of T 25 , T 26 , T 29 and T 30 . We know that C(T 25 ) = C(T 29 ) and C(T 26 ) = C(T 30 ). Consider
Solving g T 25 = T 25 g, we get
On the other hand, as g t Jg = J one has the following relations 
On the other hand, T 26 = T t 25 and therefore χ(C(T 26 )) = χ(C(T 30 )) = − 1 72 .
5.13.
Centralizer and Euler characteristic of T 31 and T 34 . Consider
Let g ∈ C(T 31 ), then solving g T 31 = T 31 g we get
As g t Jg = J, we get the following conditions
We conclude that C(T 31 ) ∼ = Z 6 × Z 6 and therefore χ(C(T 31 )) = 1 36 .
Since T 34 = T t 31 , χ(C(T 34 )) = χ(C(T 31 )).
5.14. Centralizer and Euler characteristic of T 32 and T 33 . Consider
Let g ∈ C(T 31 ) then solving g T 32 = T 32 g we get
Using g t Jg = J we get the following conditions Let g ∈ C(T 35 ), then as g T 35 = T 35 g we get that g has the form
Using the fact that g t Jg = J we get, among other conditions, that Using the same procedure one can show that
the only difference is that for k ∈ {47, 48}, C(T k ) is the group Z 12 generated by T k .
5.16.
Centralizer and Euler characteristic of T 39 , T 40 . Let g be an element of C(T 39 ). By the fact that gT 39 = T 39 g, we get that g is of the form 
5.17.
Centralizer and Euler characteristic of T 41 , T 42 . We have T 41 = T and T 42 = −T , so C(T 41 ) = C(T 42 ). Let g ∈ C(T 41 ). As gT 41 = T 41 g one can see that g has the form 
Analyzing this and considering all possible choices one can see that C(T 41 ) is the group Z 8 generated by T 41 and χ(C(T 41 )) = χ(C(T 42 )) = 1 8 .
5.18.
Centralizer and Euler characteristic of T 49 , T 50 , T 51 , T 52 , T 53 , T 54 , T 55 , T 56 . Observe that
Following the above description, it is enough to compute C(T 49 ) and C(T 50 ). Let g be an element of C(T 49 ). As T 49 g = gT 49 one can see that g has the form
and as g t Jg = J one has
Going through with exactly similar steps we can show that C(T 50 ) ∼ = Z 4 × Z 6 . As a result, we obtain χ(C(T n )) = 1 24 , for n ∈ {49, 50, 51, 52, 53, 54, 55, 56} .
We now summarize the above discussion in the following theorem. 
Theorem 6. The following is a complete list of the orbifold Euler characteristics of the centralizers of each representative of the conjugacy classes of torsion elements in Sp 4 (Z).

Case Torsion Element T C(T ) Euler Characteristic χ(C(T ))
A T 1 , T 2 Sp 4 (Z) − 1 1440 B T 3 SL 2 (Z) × SL 2 (Z) 1 144 C T 4 H ⊂ SL 2 (Z) × SL 2 (Z) (
Traces of Torsion Elements
In this section we calculate the traces of the torsion elements of Γ with respect to every finite dimensional irreducible representation of Sp 4 with highest weight λ. At first we only calculate this trace with respect to the symmetric powers Sym n V of the standard representation V of Sp 4 (i.e. when λ = nλ 1 ). We will strongly use the fact that the symmetric power representation of Sp 4 is the restriction to Sp 4 of the symmetric power of the standard representation of GL 4 . Therefore, to calculate the trace of a torsion element T ∈ Γ it suffices to calculate the trace of a conjugate element of T in GL 4 (C) with respect to the symmetric power representation of GL 4 . We make use of the Gelfand-Cetlin basis of the finite dimensional highest weight representations of GL 4 (see [6] ). The aforementioned basis {ξ Λ } is indexed by "patterns" Λ, that in the special case of the symmetric power representations Sym n V , can be described as triplets of numbers (a, b, c) ∈ Z satisfying n ≥ a ≥ b ≥ c ≥ 0. We will therefore denote the corresponding element of the basis as Λ a,b,c . With this notation one has
where E ii ∈ gl 4 (C) denotes the diagonal matrix whose entries are all 0 except for a 1 in the i-th place.
We obtain the traces with respect to any other highest weight by using the following result comming from the theory of the Weyl character forumula: Theorem 7. For two nonnegative integers n 1 ≥ n 2 , let λ be (n 1 − n 2 )λ 1 + n 2 λ 2 and H n 1 ,n 2 (T ) denote the trace T r(T, M λ ). For a nonnegative integer n, H n (T ) denotes T r(T, Sym n V ). Then one has
where, in the case n < 0 one uses the convention H n (T ) = 0.
(See [5] , Proposition 24.22, page 406, for the proof of this theorem).
6.1. Traces with respect to Sym n V . In this section we will denote by diag (d 1 , d 2 , d 3 , d 4 ) the corresponding 4 × 4 diagonal matrix. For an element v of the n th symmetric power Sym n (V ) of the standard representation V of GL 4 , we will denote by X.v the action of an element X ∈ gl 4 (C) and by ρ n (g)(v) the action of an element g ∈ GL 4 (C). Therefore one has the following commutative diagram
In this section, for each k ∈ N, ξ k will denote a k-th primitive root of unity.
6.1.1. Traces of T 1 and T 2 .
As T 1 = id 4 and T 2 = −id 4 , it is clear that
and T r(T 2 , Sym n V ) = (−1) n dim(Sym n V ) = (−1) n 1 6 (n + 1)(n + 2)(n + 3). 6.1.2. Traces of T 3 and T 4 .
Let T be T 3 or T 4 . Then T −1 is conjugate to the diagonal matrix diag(1, 1, −1, −1), and therefore it suffices to study T r(diag (1, 1, −1, −1 Whence T r(T −1 , Sym n (V )) = n 2 + 1, n ≡ 0 mod 2 0, n ≡ 1 mod 2 .
6.1.3. Traces of T 5 , T 6 , T 7 , T 22 , T 23 and T 24 . T 5 , T 6 and T 7 are conjugate to the diagonal matrix T = diag(ξ 3 , ξ 3 , ξ 2 3 , ξ 2 3 ). As T 22 = −T 5 , T 23 = −T 6 and T 24 = −T 7 , one has
We will therefore calculate the trace T r(T −1 , Sym n (V )). We have
and therefore T 8 , T 9 are conjugate to the diagonal matrix T = diag(1, 1, ξ 2 3 , ξ 3 ). Again, as
We will therefore calculate the trace T r(T −1 , Sym n (V )). Note that
and therefore One can see that
. Therefore one has Λ a,b,c . Therefore We can see that Λ a,b,c . Therefore
and we have
), a ≡ 1 mod 6 1 + 2ξ 5 6 + 3ξ 4 6 + a−2 2 (1 + ξ 4 6 + ξ 5 6 ), a ≡ 2 mod 6 2ξ 5 6 + 3ξ 4 6 + 3ξ 3 6 + a−3 2 (ξ 3 6 − ξ 2 6 − ξ 6 ), a ≡ 3 mod 6 3ξ 2 6 + 3ξ 3 6 + 3ξ 4 6 + a−4 2 (ξ 3 6 + ξ 2 6 − ξ 6 ), a ≡ 4 mod 6 a+1 2 (ξ 6 + ξ 2 6 + ξ 3 6 ), a ≡ 5 mod 6
. By using this, one can show that
n + 1, n ≡ 0 or 5 mod 6 n + 2, n ≡ 1 or 4 mod 6 n + 3, n ≡ 2 or 3 mod 6 . 6.1.9. Traces of T 31 , T 32 , T 33 , T 34 , T 35 , T 36 , T 37 and T 38 . In this case, these torsion elements are conjugate to the diagonal matrix T = diag(ξ 5 6 , ξ 2 3 , ξ 3 , ξ 6 ) . One has (
Λ a,b,c . Therefore
One can see that One can see that and therefore
Note that 
2, a ≡ 3 mod 12 −2, a ≡ 5 mod 12 0, otherwise .
6.2.
Traces with respect to highest weight representations M λ . By using Theorem 7, we give, in the following theorem, a complete description of the traces of torsion elements with respect to every finite dimensional irreducible representation of Sp 4 . We introduce the following matrices that will be helpful in the aforementioned description. In the table we use the following notation: if M is an n × n square matrix, we denote by M (n 1 , n 2 ) the entry of the matrix M in the row n 1 = m 1 + m 2 mod n and column n 2 = m 2 mod n (where we are numbering the rows and columns from 0 to n − 1). (5), and in particular with respect to the symmetric power representations Sym n (V ). When n is odd, it is clear that this Euler characteristic is 0. In the next theorem we give an explicit formula of the Euler characteristic for n even. Proof. For the proof of this theorem, one has to use (5), the orbifold Euler characteristics determined in Section 5 and the traces calculated in the Subsection 6.1. The orbifold Euler characteristics are rational constants and the traces with respect to the symmetric power representations are polynomials in n = 2k. Taking into account the labels of torsion elements in Table 4 , the only elements whose traces are polynomials of degree greater than 1 are those of type A, they will therefore determine the coefficients of n 3 and n 2 in the formula for the Euler characteristics of the symmetric power representations. The term c k in the formula is the contribution of the elements of type N , the sum of the contribution of the rest of the torsion elements will only depend on n modulo 60 (or k module 30) and determines the coefficients a k and b k of the formula.
Therefore we can see that the degree 3 polynomial determining the homological Euler charactersitic of the 2k-th symmetric power depends only on k modulo 60.
In the following table we make use of the results obtained to give the homological Euler characteristics for the first 150 even symmetric powers. If one numerates the lines from 0 to 9 and the columns from 0 to 15, then the value of χ h (Sp 4 (Z), Sym 2k V ) can be found in line i and column j where i and j are such that k = 15 * i + j. 
one can group the terms in this sum taking into account the Table 5 and check the coefficients multiplying each matrix by taking the sum of the orbifold Euler characteristics χ(C Γ (T )) for all the torsion elements associated to the given matrix in the table. Therefore, if m 1 is even, one has:
where n 1 = m 1 + m 2 , n 2 = m 2 and M A (n 1 , n 2 ) denotes 1 6 (n 1 + 2)(n 2 + 1)((n 1 + 2) 2 − (n 2 + 1) 2 ) (and if M is an n × n square matrix, we denote by M (n 1 , n 2 ) the entry of the matrix M in the row n 1 = (m 1 + m 2 ) mod n and column n 2 = m 2 mod n, where we are numbering the rows and columns 
We also introduce the notatioñ
We finally obtain the following result:
Theorem 10. We use the following notation: E(m 2 ,
2 ) is the entry of E in the row m 2 mod 12 and column m 1 2 mod 6, where we are numbering the rows from 0 to 11 and the columns from 0 to 5. Using the above notation, we can express the Euler characteristic of Sp 4 (Z) with coefficients in the highest weight representation M λ with λ = m 1 λ 1 + m 2 λ 2 as
when m 1 is even (and as we mentioned before χ h (Sp 4 (Z), M λ ) = 0 otherwise). In this expression n 1 is, as usual, m 1 + m 2 and n 2 = m 2 .
To illustrate the simplicity of this formula we will calculate the homological Euler characteristic for the highest weight (m 1 , m 2 ) = (20, 19) . In this case one has n 1 = m 1 + m 2 = 39 and n 2 = m 2 = 19.
• m 2 = 19 ≡ 7 mod 12 and
• n 1 ≡ 7 mod 8 and n 2 ≡ 3 mod 8, thereforeχ N (n 1 , n 2 ) = 0. And finally, for λ = 20λ 1 + 19λ 2 one has 
Cuspidal Cohomology
In this section we give dimension formulas for the space of cuspidal cohomology. We will make use of Proposition 1 of [14] , which implies that, when we extend scalars to M λ ⊗ C the cuspidal and inner cohomology coincides and is concentrated in degree 3 (therefore the dimension of cuspidal cohomology is the same as the dimension, over Q, of the inner cohomology). We denote by h q ! (λ) and h q Eis (λ) the dimensions of the inner and the Eisenstein cohomology in degree q of S Γ with coefficients in M λ , respectively. Therefore one has
The following lemma will be useful in our analysis.
Lemma 11. One has the following dimension formula for the space of cuspidal cohomology:
Proof. This follows from the aforementioned proposition in [14] .
We will give an explicit description of χ Eis (Γ, M λ ) by using Section 4 and the fact that for an even integer k ≥ 4, 12 ⌋ only depends on the congruences of m 1 and m 2 modulo 12. As a result we can give an explicit formula for χ Eis (Γ, M λ ). We introduce the matrix To illustrate the simplicity of this formula, we will give an example. Let λ = 18λ 1 + 10λ 2 , then m 1 = 18, m 2 = 10, n 1 = m 1 + m 2 = 28 and n 2 = m 2 .
• m 2 = 10 = 12 · 0 + 10 and m 1 = 18 = 1 · 12 + 6. Then χ Eis (Γ, M λ ) = F 1 (10, 3) = 1.
• m 2 = 10 and •χ A (n 1 , n 2 ) = − 1 720 1 6 (n 1 + 2)(n 2 + 1)((n 1 + 2) 2 − (n 2 + 1) 2 ).
• n 1 ≡ n 2 ≡ 0 mod 2, thereforeχ B,C (n 1 , n 2 ) = 7 144 (n 1 +2)(n 2 +1) 2 .
• n 1 ≡ 3 and n 2 ≡ 0 mod 5, thereforeχ K (n 1 , n 2 ) = 0.
• n 1 ≡ 4 mod 8 and n 2 ≡ 2 mod 8, thereforeχ N (n 1 , n 2 ) = − In the places m 1 = 0 and m 2 > 0 even,"z" denotes 2(#Z 2m 2 +4 ).
9. Dimension of H q (Sp 4 (Z), M λ )
In this last section we describe the dimensions of the cohomology spaces for Γ in every degree. These formulas will depend on the parity of the coefficients of the highest weight λ = m 1 λ 1 + m 2 λ 2 . Let h q (λ) denote the dimension of H q (Γ, M λ ). If m 1 is odd then H q (Γ, M λ ) = 0. On the other hand, if m 1 is even, one has h 1 (λ) = 0 and: Finally, let h cusp (λ), h Eis (λ) and h(λ) be the dimension of the cuspidal, Eisenstein and the group cohomology of Γ with respect to M λ , respectively. In particular one has h cusp (λ) = h 3 cusp (λ), h Eis (λ) = 
One has
h(λ) = h Eis (λ) + h cusp (λ) = h Eis (λ) + χ Eis (Γ, M λ ) − χ A (n 1 , n 2 ) +χ B,C (n 1 , n 2 ) +χ K (n 1 , n 2 ) +χ N (n 1 , n 2 ) + E(m 2 , m 1 2 ) .
The values of χ Eis (Γ, M λ )+h Eis (λ) = 2(h 0 (λ)+h 2 (λ)+h 4 (λ)) as a funtion of ⌊ 12 ⌋ will clearly depend on m 1 and m 2 modulo 12. We will determine these values in the following matrices. Consider Last but not the least, authors would like to extend their thanks to Günter Harder for many inspiring discussions on the subject and his support during the writing on this article.
